
STATISTICAL MECHANICS OF GENE EXPRESSION


































































































Promotergene
ORNap

RNAP Polymerase

DNA

to a
promoter

RNApolymerase jolene

D
n

bound bound unbound
nbound

time
Rate of RNAproduction pbound to rateoftranscriptionwhenRNAPbound

fractionoftimeRNAPbound

Amount of RNA Rate of RNAproduction
Rateof RNA degradation

Amountofprotein T x Amount of RNA
Gin E coli D 103 i e about 1000
proteins per MRNA

So what we wish to know is

How does Pboanddependon bindingstrengthofRNAP to
promoterDNA and on number of polymerases



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now we make the key assumption pbound isdeterminedby Boltzmann's low or in otherwords
binding is in equilibrium
One can make various argumentswhy this mightbe
true but at the end ofthe day nature experiment
are the find orbiter

I Onepromoter site t one nonspecific site Nws 2
D 1

TAPbound Rnap notbound
GRNAPs

Pbound

Boltzmann formula
state probability energy spec

binding is

iiiPbound Es specific stronger

Ens
nonspecific

Pnotbound
Jules

Boltzmann
Piggy

e Este
Boltzmann
factors

e Ewslast
Fundamental
formulaof Kat thermalenergy room temperature 300kstatistical
Mechanics Kat 1.38 10 23 J k 300k 4 10213

Gtypicalenergyofmotionof amolecule
temperature T



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 









solventmolecules

did L ensy Ews
2last

Bindingenmmergyspecitic

site on
DNA Ensor a 7

Ppted I 7 ProbabilitythatRNAP
isbound is 7 x greater

cap as end

general thenit notbeingbound

punband gundand B.bgamd gtiI e list

Pbound
i pbound

Kst
Pbound e East proudest

earnt proud e DEALT

Pound e depot
1 e DEPAst

Withe the numbers in the example Dep 2kt

Pbound 7
8 punbound 48

2 Onepromoter site Nws 5106 non specificbindingsites

I still D I i e one polymerase

state energy multiplicity weight

Es d Ix e Eshant

EN Nns Nnsx e EMT

Pbound
E Estest

e Es Kst Nns e Enskat






































































































Pbound se DEBT

Tns e sont t 1
afterdividing both men
enter anddenominator
by Nws e Enlist

3 Onepromoter site Nws 65 106 non specificsites and P 1 1 3000

state energy multiplicity weight
Nws

Nasim
Est Ens minus.pl

multiplicity
e energy

multiplicity
PENS

Nns

Iet e enya
P polymerases see countingand

Probability below

Pbound weight of bond state

weighty bond state weightofunboundstate

paid
weightofboundstele weightof unboundstate

weightofboundstele weightof unboundstate 1

From the states and weights toble

weightofboundstele
weightof unbound shy

IPIIEns p.tn e
Est enshist

P Ans p E TEN Kst

y
e

Es Endless

P
Nns P z

e deploy






































































































Since Pk Nns P fewthousandpolymerases Nns few106
we can use a simplerformula Pinus e DEP Kat

Finallysubstituting thesimplerformula for the ratioofweights

Pbound Inns e DERE

Plans e DEPART 1

For Dep 3km5 e Debt e3 20 typical
bindingenergy sep for an E colipromoter

Pbound 351 6 20 10 2

350 20 1 10 2 1

Pboud 1100 fairly small

Note that this calculation could be usedfor anybinding
problem where P is the of ligands th solution i e free
that con bind toreceptor Nns is replacedby numberof
places the ligands can be insolution Vw where v is the
holume token upby 1 ligand and Vthe volumeof the
solution and AE is the ligand receptorbindingenergy

Vel ligands

I
Pbound LIL e Der

He e Der 1
where D tf is the of
solutionsites

Also Pbound LINN e ht I Ka ofligand
44 e DermotH Mua 1 1111Sconstant






































































































Counting andprobability
1 Cellhas 5 proteins What is the chance thatdaughterhas all
5 the otherdaughterhas 01

I

42 Ps IT 32 I I I

2 Ps 42 42 42 1241 3212

2 What is theprobability that daughter all 1gets 3
ofthe 5 proteins

1

12

12
2

I 1 I 2 2 12 I 2 1 Each theseout
I I 2 I 2 2 1 I 2 1 comes hosprobabilig

I 2 I 1 2 I 2 2 1 I Poutcome 432

2 I 2 I ofdesiredoutcomes to2 I 1 I 2

I I 2 2 I 2 2 I 1 13 1
2

Counting like this gets hard impossiblewhen the
ofproteinsgets longe Instead use factorials hint

5 proteins in mother cell

1 22
Howmanyways are there ofassigning3todoughert and at daughters






































































































A trick that atfirstmight seem to complicate things
Coloreachdaughter label lot with adifferent color

I 1 1 2 2 All 5 labels are nowdistinguishable
so the ofways of assigning them to the 5protons
5 5 4 3 2 1 120

Forays of choosing which gets assigned1
ofwaysofassigning 1 to a

etc

This wayofcounting will overcountby a lot since
for example all of these
I 1 I 2 2 will be counted separately
I 1 I 2 2 If we ignore the colors on the
1 I I 2 2 daughter all labels loud

I i n z z which we wishto do at the end

ofthecalculation all these1 I I 2 2 assignments are one and the
1 I I 2 2 some

TG permutations of the 3 colors or 1
Therefore we need to divide by 3 and 21

accountingfor thepermutationsof the color labels Find result

of waysof ossignim 11122 is 5
21

10



DIFFUSION


































































































Todescribediffusionmathematically we will use the onedimensionalrandom walk
h

i

se a a o dad'sa xdixia x

Diffusing particlestarts at x o andhops to the leftand to
the right adistance a with rate k Assumptionsofmodel

what is theprobabilityoffindingparticle position x of time t

To compute pix t we need an update rule whichtells you
given pix t i e whole probabilitydistribution etinet what
is thedistribution time tt at

pox at

We can compute this by noticing that if theparticle is
at y time tot it had to be either
1 x at time t
2 x me at that
3 x e of time t

as longas it is tiny I state or kata 1
so

pix t Dt p D PR P13

P particle ex AND nohop t pparticle x 0ANDhop
p particle ext Q ANDhop

Now rulesofprobabilitysoy thot P A ANDB Pla Pin as

long as A and B are independent We can use this since
to hop or not to hop is independentofposition italways
happens with tote k






































































































plparticle ex and now jaggy
11 234

peparticle ex o andhop feethttpbright
p particle exta ANDhop Iftfxethopto left
pix fat pix t l 2k at pix e t k at pix to t Kat

Update rulefor td tendonwalk modelofdiffusion
With a bit more work we can turn this into a differential

equation
pix to t pix it t off E Ift X stop at andorder
pix o t Dixit off E IE
pix tbt PKit ZEPH KIKI YEE LIAt

K PH EFI Edt
If kit ka EI it Diffusionequation

kid hasunitsof Mlse and is thediffusionconstantD
SolutionoftheDiffusionequation Dixit Fa e Et
is aGaussianwhose von one xD 2 Dt growslinearlywiththe
the widthof thedistribution F Ft






































































































Solution in pictures

to Particlestarts at x 0 therefore pix it is initiely
verysharplypeaked exo

r
time

NPx

game
t
widthofthedistribution a.k.a its
standarddeviation Fonte is

7 Ex Fat
ox tells us how forfrom the origin it is likely I with some
confidence to find the particle
So for e protein in cytoplasm D 10Mke

Therefore after time t 5Seconds Ex RDI
Ex out
Ex 10pm

it is likely theparticle will has diffusedaway over a
distance of town On cellular scalesdiffusion is pretty
fast Iunless we're looking at au long neurons

The

Ex 10 an 105pm

105mn Ft t If see
t 5 108see 10yearsI

Needto wait toysfor a proteintodiffuse 10am


